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SIMULATED ANNEALING FOR
SOLVING A SPECIAL CLASS
OF STOCHASTIC OPTIMIZA-
TION PROBLEMS

Abstract

In the field of management and administrative science,
operations research and industrial engineering, although
estimating the performance of a complex stochastic sys-
tem is of great value to the decision maker, it is not
always sufficient. For example, a production control
manager may be interested in finding out the probability
that all demands are met from on-hand inventory under a
certain system configuration of a fixed safety stock and a
fixed order quantity. However, he might be more inter-
ested in finding out what values of safety stock and order
quantity will maximize this probability. In this paper we
propose two variants of Simulated Annealing (SA) algo-
rithm to solve a special class of discrete stochastic
optimization problems where the objective function can
be represented as the probability involving a performance
event of a stochastic system. Similar to the original SA
algorithm, both variants have the hill climbing feature to
escape the trap of local optima. The first variant selects
the last state visited by the algorithm to be the estimate
of the optimal solution. The second variant selects the
most frequently visited state to estimate the optimal
solution. Like the original SA algorithm, the first variant
uses decreasing annealing temperature, while the second
variant uses constant temperature. Computational results
are given to demonstrate the performance of the proposed
SA algorithms.
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Introduction

iscrete event simulation is

widely used in management
and administrative science, planning
communication networks, computer
systems, production assembly lines,
and other complex systems. In plan-
ning these systems, decisions must be
made concerning configurations with
which various probabilistic events oc-
cur within the system. Planners typi-
cally want to know how the system
will perform under various configura-
tion settings.

Developing efficient methods of
optimizing stochastic production sys-
tems by simulation is not easy but is
extremely important in practice. In
problems where the objective function
is not given as an explicit function of
system parameters, as is the case in
simulation, direct search methods are
often applicable. However, applying
these search techniques to optimize
stochastic simulation production sys-
tems would result in a major difficulty.
For the majority of applications of
search techniques it is assumed that a
given set of values for decision vari-
ables results in a unique value for the
objective function. This is not the case
for stochastic simulation optimiza-
tion. Rather we may observe samples
from the objective function for each
set of parameter values. Thus, a single

evaluation of the objective function in
the latter case provides only one reali-
zation from that objective function.

Much of the literature on simulation
output analysis concentrates on estimat-
ing the expected value of system re-
sponse. However, stochastic simulation
optimization on the basis of average
system behavior alone can sometimes
result in misleading conclusions. There-
fore, we may consider measures of per-
formance other than means. One such
useful measure of performance is the
probability that the system response is
less than some value. Let X; be arandom
variable defined on the jth replication
forj = 1,2,..., n. Suppose that we would
like to estimate the probability
8= P(X € A), where A C R is a set of
real numbers. By way of example, for
queuing system we might want to deter-
mine the probability that job waiting
time in the system is less than or equal to
user threshold value.

In this paper, our search problem is
to find optimal points in S, where
S={1,2,...,s} is a finite set of system
configurations, with maximum value of
B. We will assume that S has multiple
optima and S is the set that contains
them, ie. S = {i: §; =maxf;}. If

JjeS

there is a single point in S*, denote it
byi* where By > 8; Vj € S,j # i*. For-
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mally, our optimization problem is to
choose the best system, that is, the
system with the largest value of ; :

ﬂi:max ﬂ]

jes

= I}leaSX P (performance event | vert configuration j).

Consider, for example, a general
production line which can be modeled
as open k-station queuing network
with measure of performance being,
say, the throughput. Here, the perfor-
mance event may be defined as
{throughput is greater than some cri-
tical value}. We might be interested to
select the configuration with the lar-
gest value of 3, where 5 = P {through-
put is greater than some critical

value}.

We focus on the case where the
objective function is evaluated
through simulation. In such a situa-
tion, all the function evaluations will
include noise, so conventional (deter-
ministic) optimization methods can-
not be used to solve this problem.
Kushner (1963) first proposed a meth-
od for solving stochastic optimization
problems, where the values of the
objective function can only be
sampled via Monte-Carlo method.
He assumed that the sample objective
functions are disturbed by a sequence
of zero mean i.i.d. Gaussian random
variables.

Alkhamis et al. (1999) presented a
variant of the SA algorithm for dis-
crete stochastic optimization pro-
blems. The basic idea of their
modification is to make the compar-
ison between solution point i and
solution point j based on whether the
objective function value indicates sta-
tistically significant difference at each
iteration. The differences between ob-
jective function values are considered
to be statistically significant based on
confidence intervals associated with
these values. They showed that under
suitable conditions on the random
noise, the modified annealing algo-
rithm converges in probability to the
set of optimal solutions.

Fox and Heine (1995) investigated
the application of simulated annealing
to solve discrete stochastic optimiza-
tion problems. Gelfand and Mitter
(1989) presented theoretical analysis
for the SA algorithm when the objec-
tive function includes noise. They
showed that under suitable conditions
on the noise, the modified annealing
algorithm exhibits the same conver-
gence in probability to the globally
optimal solution as the original an-
nealing algorithm. Gutjahr and Pflug
(1996) generalized the classical con-
vergence result for the SA algorithm
to the case where cost function ob-

servations are disturbed by random
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noise. They showed that for a certain
class of noise distributions, the con-
vergence assertion remains valid, pro-
vided that the standard deviation of
the noise is reduced in the successive
steps of cost function evaluation with
a speed O(k™7), where « is an arbi-
trary constant larger than one. Roen-
ko (1990) applied SA algorithm to a
stochastic optimization problem. His
approach, however, makes it neces-
sary to store all feasible solutions
encountered during the execution of
the algorithm and to compare them
with each newly generated solution. It
seems that this approach is not realis-
tic for practical applications due to the

computational burden involved.

Ahmed et al. (1998), developed
three search strategies for finding the
optimal solution to a stochastic dis-
crete simulation optimization pro-
blem. In each iteration of these
strategies, two neighboring alterna-
tives are compared and the one that
appears to be better is passed on to the
next iteration. They showed that these
search procedures satisfy local bal-
ance equations and their equilibrium
distributions give most weight to the
optimal point. They also showed that
the configuration that has been visited

most often in the first m iterations
converges almost surely to a globally
optimum solution.

In this paper we present two ap-
proaches for solving problem (1). The
first approach uses decreasing anneal-
ing temperature and selects the last
state visited by the algorithm to be the
estimate of the optimal solution. In
the second approach we use constant
temperature and the optimal solution
is estimated by the state that is visited
most often by the algorithm (Andra-
dottir ,1995, 1996). The paper is orga-
nized as follows. In the next section,
we set up the structure of our optimi-
zation problem. Then we present two
approaches based on SA algorithm
for solving our optimization problem.
Then we present computational re-
sults and compare the performance
of the proposed approaches. Finally,
the last section contains some con-
cluding remarks.

Problem Structure
and Assumptions

In this work we are interested in
solving a stochastic optimization pro-
blem involving a finite number of
different configurations. Define Y; to
be the indicator function of perfor-
mance event with configuration i, i.e.

with probability g;

1
Y; =
0 with probability 1 — 3;

0<ﬁi<1.
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Our goal is to find the solution
point that has maximum probability
B. Assume S = {1,2,...,s} is a non-
empty discrete finite set of configura-
tions and the search is conducted by
picking an initial point in S and then
comparing a neighboring point ac-

cording to the following definition.

Definition2.1: Foreachi € Swedefine
a neighborhood N(i) as a subset of
S — {i}, such that each point in N(i)
can be reached from i in a single
transition.

Our search is organized in such a
way that the next solution candidate is
found among the neighbors of the
present candidate. Hence, to ensure
that the search will be able to reach
any element of S, we make the follow-
ing assumption about the system
{N(i),i € S} of neighborhoods.

Assumption 2.1: For any pair (i,j)

€ S x S, jisreachable from i, 1i.e. there

14

m=0 for

exists a finite sequence, {n;}
some ¢, such that iy=i, i,,= and

inerleN(inm)) n = O, 1,2, 7£ — 1

Now we impose a stochastic struc-

ture to the selection of a candidate

L .
5o Shth §

I, where Ii =

among the neighbors by the following
function G. Given i € S, a candidate is
selected among N(i) such that the
probability of selecting a neighbor
J € N(i) is equal to G;; which is defined
as follows:

Definition 2.2: A functionG : S x S —
[0,1] is said to be a generating prob-
ability function for S and NV if

(1) GU >0&j5¢€ N(l) and

(2) > Gy=1forallieS.

jes

Here Gj; is the probability of gen-
erating solution point j as a candidate
for the next solution point when the
system is in solution point i. We will
consider G;; such that the probability
is distributed uniformly over N(i), i.e.

1 . . .
Gjj = 07 where |N;| is the cardinality

|N;

of the set IV; .

At each iteration k, a sample of L
observations is taken from 7 and j. A
candidate neighbor j € N(i) is ac-
cepted and a move is performed from
itojif@- < Bj where B,- and Bj are such
that

if performance event occurs given point i

0 otherwise

(2)
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Simulated Annealing
Approachs

Simulated annealing (SA) algo-
rithm was proposed originally by
(Kirkpatrick et al.,1983) for solving
complex deterministic optimization
problems with discrete space. SA has
shown successful applications in a
wide range of combinatorial optimi-
zation problems and this fact has
motivated researchers to use SA in
simulation optimization. The SA
methodology draws its analogy from
the annealing process of solids. In the
annealing process, a solid is heated to
a high temperature and gradually
cooled to allow it to crystallize. As
the heating process allows the atoms
to move randomly, if the cooling is
done too rapidly, it gives the atoms
enough time to align themselves in
order to reach a minimum energy
state. This analogy can be used in
combinatorial optimization with the
state of solid corresponding to the
feasible solution, the energy at each
state corresponding to the improve-
ment in the objective function and the
minimum energy state being the opti-
mal solution. SA allows the search to
proceed to a neighboring state even if
the move causes the value of the
objective function to become worse.
To allow the search to escape a local
optimum, at iteration k a move that
increase the objective function value is
accepted with a probability of
exp(—(A) /Ty, where A is the differ-

ences in the objective function value
and T} > 0 is a sequence of positive
real numbers { 7y, k = 0, 1, ...} satisfy-
ing Tp; >0, Ty <TyVk, and
lim,_ Ty =0. Ty is called the tem-
perature at the kth iteration and the
sequence { Ty, k = 0, 1, ... }is called the
cooling schedule. The SA algorithm
can be described as a sequence of
Markov chain with the state space
being the domain of the objective
function to be optimized. Let X}
denote the state of the system visited
by the SA algorithm at the kth step.
Now we present our first SA approach
for solving problem (1); this approach
uses decreasing annealing tempera-
ture and selects the last state visited
by the algorithm to be the estimate of
the optimal solution. The steps of the
first approach are as follows:

Algorithm 1.

Parameters: N, {7}, {Li}.

Step 1. Obtain an initial solution
Xo € S. Set k=0. Obtain an initial
temperature 7y > 0.

Step 2. Given X}, = i, choose a candi-
date Z; € N(i) with probability dis-
tribution

) . . .
PlZy=j|Xy =1 = G;‘;:m, J € N(i).
1

Step 3. Given Z;, = j, generate two L,
independent observations from point
and j. Evaluate B,- and Bj-

352



Talal Al-Khamis

Step 4. Given Z; =j, generate Uy
~ U[0, 1], and set

1B
Z, if U <exp {7[[3}6"] }

X1 = 3

Xj, otherwise

(whereforalla € R,at =aifa >0,
and a+ = 0 otherwise)

Step 3. Set k = k + 1. Update T}, and
L; and go to step 2.

Remark 1: The above algorithm con-
verges to the set of global optimal
solutions provided that the noise in
the estimated objective function va-
lues in iteration k has the normal
distribution with 0 mean and variance
ar >0, where o = o(T}) as k — oo
and lim,_ T =0, see (Gelfand and
Mitter 1989).

Remark 2: One of the following stop-
ping criteria may be used for the above
algorithm: Stop the search process
after performing a predetermined
number of iterations or when the
current best configuration has not
been changed for a predetermined
number of iterations.

Remark 3: Our implementation of step
3 is as follows: at each iteration an L
observations is obtained from points i
and j and then the performance mea-
sures are calculated as in equation (2).

The stochastic random process
{X}} produced by the SA algorithm
above is a discrete-time inhomoge-

neous Markov chain defined over
states S, and its state transition prob-
ability is given by

Pii(k) = P[Xjq1 = Jj1 Xy = ]

Glj min[lvexp - (Bl - B])/Tk} lf] € N(l),

Y11= X Pu(Ty)
LeN(i)

ifi=j

where Gj; denotes the generating prob-
ability, and min[l,exp — (@—ﬁj)/Tk]
denotes the acceptance probability,
i.e. the probability of accepting state j,
once it is generated from state i, and T,
denotes the temperature control para-
meter. If we fix the temperature Ty at T,
ie., Tj = T, for all k, then the Markov
chain constructed by algorithm 1 is a
time-homogeneous Markov chain with
transition probability matrix P defined
as follows:

Pjj(k) = P[Xjqp1 = JjI1 X = 1]
Gymin[l,exp — (0; — 3;)/T) if j € N(i),
Y- X Pl

(EN(i)

ifi=j

Now we present our second SA
approach for solving problem (1).
Algorithm 1 discussed above uses
decreasing temperature and selects
the state that is visited by the algo-
rithm in iteration k as the estimated
optimal solution in that iteration. In
the second approach we use a con-
stant temperature and a different ap-
proach for estimating the optimal
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solution. We select the most fre-
quently visited state by the algorithm
(divided by a normalizer) to be the
estimate of the optimal solution. Let
for all i€ S and k >0, Vi(i) is the
number of times that the Markov
chain {X;,k=0,1,..} has visited
state i in the first k iterations, and X;i
is the state that the search process
has visited most often after k itera-

tions. Lettinng(i):‘VNk—((_;)', then
1

X;; ={i: V(i) > /b/[e%’c Vii()}. Tt is

clear that the value of Xy, say j

changes only when the search process
visits point i and V(i) > Vi(j). Be-
fore we state the algorithm we need
the following assumptions.

Assumption 3.1 Let { L } be a sequence of

positive integers such that klim Ly = .
—00

Assumption 3.2 The temperature T is a
positive (constant) real number.

Algorithm 2.
Parameters: N, T, {L;}

Step 1. Select a starting point ig € S.
Let Vy(ip)= 1 and Vy(j) = 0 for all
JE€S,j# iy Letk =0and X3 = i.

Step 2. Given X, =i, choose a candi-
date Z; € N(i) with probability distri-
bution P[Z}, = j| X} = i| = Gj;,j € N(i).

Step 3. Given Z;, = j, generate two L,
independent observations Y}, Y%, s
Yl.Lk a}nd le-, Y]2, s Y]L" Evaluate 3;
and ;.

Step 4. Given Z; =j, generate Uy
~ U[0, 1], and set

. —[Bi—81"

Z, if Uy < exp|——L—

X+ = k k= p[ T }
Xj. otherwise

(where foralla € R,at =aifa >0,
and at+ = 0 otherwise)

Step 3. Set k=k+1, Vi (X}) =
Vi-1(X) + 1 and Vi(j) = Vi10)),
for all je€S and j#X; if
V/((Xk) Vk(X}:_l)
NG| v )]
otherwise let X7 = X7_,. Update Ly,
go to step 2.

then let X7 = Xj;

Remark 4: Alrefaei and Andradottir
(1999) have shown that the above
algorithm converges to the set of
global optimal solutions.

Remark 5: One of the following stop-
ping criteria may be used for the above
algorithm: Stop the search process
after performing a predetermined
number of iterations or when the
current best configuration has not
been changed for a predetermined
number of iterations.

Computational Results

In this section, we present two test
cases of two different discrete simulation
optimization problems. In the first case
we apply the two proposed algorithms
to solve a discrete stochastic optimiza-
tion problem with 50 configurations. In
the second case we consider the optimi-
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zation of a queuing system , similar to
the one presented in (Alrefaei and An-
dradottir ,1999) and compare the per-
formance of the proposed algorithms.

Test case 1.

In this case we implement each of
the two SA algorithms to solve a
discrete stochastic optimization pro-
blem with 50 configurations. Consider
the following optimization problem.
Find points in S with maximum value
of 3:

max J;
ieS bi

where S = {0, 1,....,49} and

5 (095-005)  fori=0,1..9
PN 0I5+ (0.8/49)(i) for i=10,11,....49

See Figure 1 for the graph of the
function §;. Note that we have two
global maxima at i =0 and at i =49
with values equal to 0.95. As an
example we may consider 3 to be the
probability that the throughput of a
production line is less than some pre-
specified value. We apply Algorithm 1
to solve this optimization problem
using different annealing sequences
{T(k)} and different neighborhood
structures {N(x) : x € S}, to see their
effect on the performance of the algo-
rithm. In particular, we consider two
annealing sequences {7(k)}, the first
annealing sequence is given by
Ti(k) =0.1/In(10+ k) which is
slower than the second annealing se-
quence given by T(k) = 1/1In(10 + k).

Figure 1
Graph of the objective function values of test case 1
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Also we use two different neighbor-
hood structures {N(x) : x € S}. The
first neighborhood structure is given by
N1(iy={je S:|j—i| <5} which is smal-
ler than the second neighborhood structure
given by N2(i)) = {j € S: |[j — i| < 10}.

Figure 2 shows the performance of
Algorithm 1 as a function of the
annealing sequence {7(k)} when it is
applied to solve the above problem
using neighborhood structure N/. The
x-axis shows the number of iterations
that were used in our simulation, while
the y-axis shows the average estimated
optimal objective value at the esti-
mated optimal solution over 100 re-
plications. It is clear from this figure
that choosing T (k) =0.1/In(10 + k)
gives better performance than
Ty(k) = 1/1n(10 + k). Figure 3 pre-
sents the performance of Algorithm 1
as a function of the annealing se-
quence {7(k)} when it is applied to
solve the above problem using neigh-
borhood structure N2. As in Figure 2,
Figure 3 indicates that choosing
slower annealing sequence T (k) gives

better performance than 75 (k).

To test the performance of Algo-
rithm 2 we apply Algorithm 2 to solve
this optimization problem using sev-
eral choices of the parameter 7 and
different neighborhood structures
{N(x) : x € S}, to see their effect on

the performance of the algorithm. In
particular, we take 7 € {0.01,0.1, 1}.
Figure 4 shows the performance of
Algorithm 2 as a function of the
parameter T when it is applied to solve
the above problem using neighbor-
hood structure N1. Itis clear from this
figure that small values of T give better
performance than larger values. Fig-
ure 5 presents the performance of
Algorithm 2 as a function of the
parameter Twhen it is applied to solve
the above problem using neighbor-
hood structure N2. As in Figure 4,
Figure 5 indicates that choosing small
values for T gives better performance
than larger values of 7. Also, Figures 4
and 5 indicate that choosing larger
neighborhood structure gives better
performance than small size neighbor-
hood structure.

Table 1 compares the performance
of Algorithm 1 and Algorithm 2 when
they are applied to solve the above
optimization problem using the follow-
ing choices of the parameter 7, the
annealing sequence { T}, } (for Algorithm
1), and the sequence {L;} : T'=0.1 for
Algorithm 2, and for all k€N,
T, =0.1/In(10 + k) for Algorithm 1,
Ly =10+ |In(k)| for Algorithm I and
Algorithm 2. As we mentioned earlier,
Algorithm 1 uses a decreasing annealing
schedule {7} } while Algorithm 2 uses
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Figure 2
Optimization trajectories of test case 1 using Algorithm 1 and N1
for different annealing sequences

Average estimated objective function
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Figure 3
Optimization trajectories of test case 1 using Algorithm 1 and N2
for different annealing sequences
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Figure 4

Optimization trajectories of test case 1 using Algorithm 2 and N1 for different T
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Optimization trajectories of test case 1 using Algorithm 2 and N2 for different T
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fixed temperature T. Table 1 presents the
number of convergent paths these algo-
rithms have done so far out of a total of
100 replications (i.e., the number of
replications in which the estimated opti-
mal solution equals the (true) global
optimal solution) using neighborhood
structures N1 and N2. For both neigh-
borhoods Algorithm 2 converges more
rapidly to the optimal global solution
than Algorithm 1. Using neighborhood
structure N1, 92 replications have con-
verged after 10000 iterations when Al-
gorithm 2 is used, compared to 18
replications for Algorithm 1. For the
same parameters setting and using N2,

99 replications have converged after

10000 iterations when Algorithm 2 is
used, compared to 23 replications for
Algorithm 1. Table 1 indicates that
Algorithm 2 is more efficient than Algo-
rithm 1 when solving the above discrete
optimization problem using the para-
meter values given previously.

Test Case 2.

Many practical production planning
problems can be modeled as queuing
systems. Our next test example involve
the optimization of M/M/1 queuing
system similar to the one presented in
(Alrefaei and Andradotter, 1999). Con-
sideran M/M/1 queuing system with job
arrival rate A and service rate p. For

Table 1
A comparison of the performance of Algorithm 1 and Algorithm 2
for test case 1 with different neighborhood structures

Number of convergent paths.

Algorithm 1 Algorithm 2
N1 N2 N1 N2
Tteration #

100 5 8 32 37
500 5 12 49 62
1000 5 12 59 74
2000 11 15 68 91
3000 11 17 74 95
4000 12 17 81 96
5000 14 22 84 97
6000 15 22 85 99
7000 15 22 86 99
8000 15 23 89 98
9000 18 23 92 99
10000 18 23 92 99
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i € N, let W; be the time in the system for
job i, B; be the service time of job i, and
A; be the inter-arrival time between job
i—1 and i, where 49 =0 and W, =0.
To generate the system time of job ¢, W,
,one can generate B;, A;,fori=1,... ¢
and then use the following well known

recursive formula:
Wi = max{B;, W;_1 + B; — 4;}

to obtain W; for i=1,...,c. We are
interested in maximizing the event that
the waiting time in the system for job i
does not exceed threshold value (6 ) to be
set by the user. Then we are interested in
solving the following optimization pro-
blem:

max P{W(x) < 6}

Xx€S
where S = {1,...,50} and W(x) is the
average time a job spends in the
system for fixed arrival rate A =1
and service rate p(x) > 1 for all
x € S, where the values of u(x) for
all x € S, are given in Table 2.

We simulate the above system un-
der transient state conditions and
estimate the probability that the aver-

age waiting time of the first 100 jobs is
less than 6 = 1.1. We apply Algorithm
1 and Algorithm 2 to solve this opti-
mization problem using the following
choices of the parameter 7, the an-
nealing sequence {7} and the se-
quence {L;}. T=0.01, and for all £,
T, = 0.1/In(10+k), L;=10+
[In(10 + k)| for Algorithm 1 and Al-
gorithm 2. We use two neighborhood
structures. The first neighborhood
structure is given by:

2 ifi=1,

N1(i) = { {49} if i = 50,

{i—1,i+1} otherwise.

The second neighborhood structure is
given by:

N2@i)={jeS:|j—i <3}

Note that in the transient setting, the
estimated optimal objective function
value is 0.756 which occurs at x = 28.
We select the initial state x(, randomly
(uniformly) over S and run 100 replica-
tions to estimate the average perfor-
mance of Algorithm 1 and Algorithm 2.

Table 2
The values of the service rates p(z) for all z € S.
(1), ..., 1(10) 165 16 15 16 17 175 165 16 155 15
w(11), ..., u(20) 147 145 15 1.55 1.6 1.65 1.6 1.55 L5 1.47
w2l),...p(30) 145 15 155 16 165 17 175 20 17 16
1(31), ..., u(40) 1.55 L5 147 1.5 1.6 1.65 1.7 1.75  1.65 1.6
1(41), ..., u(50) 1.55 LS5 147 1.5 1.6 1.65 1.7 1.6 1.5 1.45
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Figures 6 and 7 compare the per- optimization problem with the choice
formance of Algorithm 1 and Algo- of parameters described above using
rithm 2 when applied to solve this neighborhood structure N1 and N2,

Figure 6

Optimization trajectories of Algorithm 1 and 2 for the M/M/1 test
example using neighborhood structure N1
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Optimization trajectories of Algorithm 1 and 2 for the M/M/1 test
example using neighborhood structure N2
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respectively. The x-axis shows the
iteration number, while the y-axis
shows the average estimated optimal
objective value at the estimated opti-
mal solution over the 100 replications.
Figures 6 and 7 show that Algorithm 2
converges faster than Algorithm 1.
This implies that Algorithm 2 per-
forms more efficiently than Algorithm
1 for this problem setting. Also, Fig-
ure 6 and 7 confirm the fact that larger
neighborhood structure always pro-
duces better results than small neigh-
borhood structure.

Conclusion

In this paper, we have proposed
two variants of Simulated Annealing
algorithm for solving a special class of
discrete stochastic optimization pro-
blems where the objective function
can be represented as the probability
involving a performance event of a
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