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Introduction

( : lassical inference accommodates many
impaired procedures. A classical point

In this study the concept of perfect information is implemented to
combine both point and confidence interval estimation problems in one
decision framework to achieve maximal use of the available sampling
information. Specifically, point estimation of the exponential location
is viewed in the larger context of interval estimation, since the
information required to determine optimal point estimators, per se, is
inherently unknowable. Triple sampling procedure is shown to be a
reasonable technique for obtaining the sample information required to
satisfy specific objectives within this unified decision framework. We
also extend our investigation to discuss the ability of the triple
sampling confidence interval to detect shifts in the location parameter
of the exponential distribution.

perform inference, our conclusions are uncer-
tain since our knowledge is subjected to
random variation. The only useful inferential
procedures are those for which the degree of

estimator, for example, focuses exclusively on
one possible value of the unknown parameter
under investigation. This value is unlikely to
prove adequate or satisfactory if reviewed in
isolation. Many authors believe that by attach-
ing the standard error to the point estimate then
the inference is accomplished see for example,
Efron and Hinkley’s (1978: 458). Knowing that
the standard error provides no indication
about the reliability of inference leaves us
wondering about the above suggestion. The
bare fact is, regardless of the method we use to

uncertainty can be measured in some prob-
ability sense. It would be indeed, an accom-
plishment if we could assess the uncertainty
involved in our knowledge or belief about the
targeted parameter. We must also demand to
know what kind of precision we have achieved.
We quote from Cox and Hinkley (1992: 251)
regarding point estimation methodology”... no
completely satisfactory solution can, however,
be given until fairly explicit information is
available both about the quantitative conse-
quences of the errors of estimation and also
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about the relevant information other than data
under analysis”. Therefore, this overemphasis
of point estimation can be viewed within a set of
plausible values, determined from the data,
within which the unknown parameter is
thought to lie with a predetermined confidence
along the lines of Cox and Hinkley above.

In the area of multistage sampling, the
literature has considered two main methodol-
ogies to tackle estimation problems either point
estimation, where a specific cost function is
assumed to assess the anticipated risk; or fixed
width confidence interval estimation to attain a
given nominal coverga value. These two meth-
odologies have been treated separately in a
given situation. In the present study, we
combine these two methodologies in a single
unified decision framework to utilize the avail-
able sample information to treat both problems
simultaneously. This has been accomplished
while implementing the concept of the cost of
perfect information introduced by Hamdy et
al. (1996). Specifically, if a point estimator for
the exponential location parameter is required,
and that the risk associated with a given loss
function is to be minimized to determine the
required optimal sample size. Would it be
appropriate to use the same sample informa-
tion, determined by the previous criterion, to
construct a satisfactory fixed width confidence
interval with a specified coverage probability
for the exponential location? Answering such a
question requires a deep understanding of the
structure of the assumed loss function on the
bases of the perfect information.

In the following sections we discuss the
role of the cost of perfect information in
performing infrerence while estimating the
location parameter of the exponential distri-
bution.

Estimating the location parameter of
the exponential distribution

Let X, X>.... be a sequence of independent
and identically distributed random variables
having the negative exponential distribution
of the form

fix;p,0) =0 le 1 I(x > p),0>0, (1)

Where 1 (*) is the usual indicator set
function. Both px and o are assumed un-
known but finite. The main objective in this
study is estimation of u. Suppose further that
a random sample X, X>...., X, of size n (>2),
from the distribution in (1), is available. Then,
we propose to use the sample measures

min X;

Xu) = <i<n

n
and 6= (n—1)" Z(Xf - X,1)) as the
i=1
point estimators for p and o respectively.
Moreover, we assume that the loss incurred
in estimating p by X, can be reasonably
represented by the following squared error

loss function with a linear sampling cost

L, =A(X,1) - p)’ +en 2)

The leftmost component on the right hand
side of (2) reflects the cost of estimation, while
the rightmosi component reflects the cost of
sampling, c is the known cost of an observa-
tion, and 4 >0 is assumed to be a “known
weighting™ constant. See for example, Rob-
bins (1959), Starr (1966), Starr and Woo-
droofe (1969, 1972), Woodroofe (1977,
1985), Ghosh and Mukhopadhyay (1979,
1980), Vardi (1979), Chow and Martinsek
(1980), Chow and Yu (1981), Mukhopad-
hyay (1985), Mukhopadhyay et al. (1987),
Martinsek (1988), Hamdy (1988), Hamdy et
al. (1988), Hamdy and Costanza (1995), and
Hamdy et al. (1995). However, optimal point
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estimators determined solely through mini-
mizing the risk associated with (2) are essen-
tially useless for statistical inference. The
essence of this philosophical dilemma is that
the usual characterization of the constant A
stated above is impractical. To show that, we
write the expected loss (risk) of estimation as

R, = E(L,) = Ad*/n + cn. (3)
Hence, the optimal sample size required to
minimize the risk in (3) is given as

n*=/A/co. 4)

From which we write
n*/o=+/Alc (5)

Most of the work done in the area of
multistage point estimation of a parameter
has involved the assumption of complete
knowledge of the value of 4. As we have
shown in (5), for the case of estimating the
exponential location parameter with squared
error loss in (2), such claim undoubtedly
implies that the decision maker knows the
value of the ratio of the optimal sample size to
the population standard deviation (#*/o).
Thus. the practice of prespecifying the value
of 4 in point estimation applications must
eventually lead to “‘fictitious optimal” sample
sizes. This is because their determination
through (4) is based on a self-fuifilling criter-
ion which is unrelated to and thereby artificially
and mysteriously restricts the population of
inference. In effect, the sampled population is
not the target population that needs to be
explored freely through the sampling proce-
dure in the first place. Further, it is also
common in the literature to leave the inter-
pretation of the constant 4 in (2) to the
subjective judgment of the decision maker.
While utility theory descriptions of decision

- [ . X3 " M
makers who are either “‘risk averters” or “‘risk '

neutral” or ‘‘risk seekers” neither make this
practice more objective nor do they go much
farther in shedding light on the interpretation
of 4 in the loss function. Is this a conceivable
assumption in the context of obtaining a point
estimator for p via multistage sampling, the
basic premise of which is that o is completely
unknown?

Most authors have specified or character-
ized 4 in (2) in a way that has essentially
ignored objective practical and statistical
meaning in modeling the estimation cost.-
For example, Starr and Woodroofe (1972),
described A4 as being ““chosen in advance of
experimentation to express the weight that the
experimenter assigns to estimation error

‘relative to sampling costs”. Although the

characterization might appear to be an objec-
tive definition, the phrase ‘“chosen in ad-
vance’ still involves elements of subjective
assignment and interpretation.

In the following Section we introduce the

“concept of perfect information to characterize

A. In sequel, we treat both point and con-
fidence interval estimation problems by one
sampling procedure the next sections focuse
on triple sampling technique as a more
credible methodology for optimal design.
Finally, we discuss the sensitivity of the fixed
width confidence interval, to detect shifts in
the true parameter p, in the last section.

The Cost of Perfect Information

In this section we introduce the concept of
perfect information for estimating the location
parameter p of the negative exponential dis-
tribution. At this point we recall (5) and write

A=ocn" 1 (n*, o?). (6)
The term cn* in (6) is the cost of optimal
sampling, and theterm I (n”,0°) = (n" | 5°) is
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the perfect information (in Fisher’s sense) PI.
By this specification we mean that the PI
represents the optimal information, i.e., the
amount of information required to explore a
unit of variance in order to achieve the
minimum expected cost (risk). Hence, A4 is
the cost of perfect information, Cpy, i.e., the
monetary amount that needs to be paid to
explore a unit of variance in order to achieve
the minimum risk. (Note that 4 can also be
interpreted as the ratio of the optimal sam-
pling cost relative to the optimal “estimation
error” which is just PI "), Not the other way
around as described by Starr and Woodroofe
(1972). We emphasis that A4 reflects both
estimation error and sampling cost.

Direct substitution of 4 in (6) into the loss
function in (2) yields

L, = cn*I(n*,0%) (X)) — 1)* + cn, (7

And the corresponding risk in (7) becomes

R, = cn* I(n*, 02 E(X,q) — )’ + cn. (8)

Now suppose that the random sample
used to obtain X, in (8) is of arbitrary size
n. It follows that E( X,y -p)°> = I (n,d?),
where I(n, o2 is the (Fisher) sample informa-
tion, SZ,. The corresponding risk in (8) can be
expressed as

R, = en*{PI(SI;N)} + cn = c{n*(RIL,) +1i}. 9)

The quantity {PI(SI,')} = RI,is termed
the relative information. In words, RI, is a
measure of the estimation efficiency of the
sample information compared to the perfect
information. When n=n", the sample infor-
mation is as efficient as the perfect informa-
tion since RI, = 1 and R, = 2cn’, which is
the optimal risk (minimum expected cost). On
the other hand, when n<n’, the sample
information is less efficient than the perfect

information since RI,>1. And when n>n",
the sample information is more efficient than
the perfect information since RI,,<1. How-
ever, for any n # n’, we have R,> R,,". The
apparent “anomaly” that although R,> R,
when n>n’, the corresponding sample infor-
mation is stil considered to be more efficient
than the perfect information, is due to the fact
that oversampling is good for estimation, per
se, but bad in terms of sampling costs. In the
sense that the sample information represents
an estimate of the perfect information, S7, is
also termed the imperfect information.

Another useful way to compare the values
of the imperfect (sample) information and the
PI is through the expected cost of missed
opportunity, which we express as

Russ = (Ry = Ru) =c{n’(RI, - 1) + (n -n")}  (10)

Therefore, it is logically apparent that the
assumption of complete knowledge of the
value of 4 in point estimation problems is
impractical. With or without knowledge of o,
unless the decision maker i1s “‘willing and
able” to take a sample of infinite size, the
value of A4 is completely unknowable (except
for the value of ¢) within the universe of
discourse of point estimation. What is being
said is that any prespecification of the value of
A in the context of point estimation, must
involve some element of subjectivity, the
consequences of which are unclear without
thinking more deeply about where the meth-
odology of point estimation fits in among
more credible inferential methods based on
confidence intervals.

In the next sections we elaborate further
on both the specific consequences of arbitra-
rily specifying A4 in the contexts of fixed width
confidence interval estimators, as well as how
a knowable portion of 4 can be specified to
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satisfy practically and statistically meaningful
target population-related requirements with-
in those inferential frameworks. These
achievable requirements are much less vague
than the necessarily subjective (i.e., not ne-
cessarily target population-related) restric-
tions that are inadvertendtly imposed when
the focus is limited solely to the inferential
vacuum of point estimation.

Assessing the Cp, by Fixed Width
Confidence Interval Estimation

The main goal of this section is to recast
the vague universe of point estimation into a
more practical universe of discourse based on
objectively prespecifiable requirements. The
explicit optimality criteria upon which fixed
width confidence intervals are designed pro-
vide a solid foundation for statistical inference
from which the cost of perfect information can
be determined. This task can be successfully
accomplished by connecting the perfect in-
formation for point estimation with that of
confidence interval. This rationale provides
the gateway to linking the Cp; to the char-
acteristics of the target population, as well as
the required precision, that was sorely lacking
in the point estimation decision framework.

In constructing a fixed 4 width confidence
interval for the location parameter u of the
negative exponential distribution with un-
known scale parameter o such that the cover-
age probability is at least a specified nominal
100(1-a)%, it is natural to employ the interval
1,= (Xuu) - d. X,,). Satisfaction of the
coverage requirement means that

Plp € I,) = P{0 < (Xpuy —p) <d} 2 1 -0,
From which, we determine the corre-

sponding optimal sample size

n* = (a/d)o. (11)

Where a = #n(a~!) comparison of (11)
with (6) implies that the corresponding perfect
information is

PI = (a/d)o! (12)
And the corresponding cost of perfect
information is

Cpr = c(a/d)’. (13)

We see immediately that a portion of the
perfect information in (13) is, in fact, know-
able. Moreover, the cost of perfect informa-
tion in (13) for point estimation of the
exponential location within the context of
the fixed width confidence interval decision
framework is completely knowable, and it
reflects both the characteristics of the target
population and the required precision
through the constants a and 4.

Now, incorporating the Cp; in (13) into the
loss function in (2) would result in an optimal
sample size in (11) serving a dual purpose.
First, it provides a fixed d width confidence
interval for p with coverage probability at
least the specified 100(1 — a)%. And second,
it provides a point estimator for p with
minimum expected cost.

Had o been “known”, n” in (11) could be
readily determined for use in a fixed size
sampling procedure. In view of the fact that
n” and ¢ in (11) are both unknown, a multi-
stage sampling procedure which simulta-
neously estimates n” and o seems appropriate.
Further details on the use and properties of
multistage sampling for this purpose are
presented in the next section.

Triple Sampling procedure for esti-
mating .

As we have indicated in the previous
section, both the requred optimal n” and the
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scale parameter ¢ in (12) need to be estimated
simultaneously by a multistage sampling
technique. Comparing the existing techni-
ques designed for this purpose (i.e Stein’s
. (1945) two stage, Anscombe’s (1953) and
Chow and Robbins’s (1965) one-by-one se-
quential Hall's (1983) accelerated sequential,
and Hall’s (1981) triple sampling) in terms of
asymptotic characteristics as well as economic
savings, it appears that the triple sampling
procedure (sequential group sampling in
three stages) is the one to employ. Thus, the
triple sampling technique provides a unified
sampling framework within which all the
specified objectives can be achieved.

In brief, the triple sampling procedure
starts with a random pilot sample X,
Xs,.. X (m>2), from wich X, and 7,
are computed as initial estimates of p and o.
The second stage sample size is determined
according to the decision rule

Ny = maz{m,[y « (},,,/d,] + 1}, (14)

Where 0 <~ <1 is a design factor which
represents the fraction of n” to be estimated in
" this stage and [-] denotes the largest integer
function (empirical results support the choice
of v = 0.5in practice, e.g., see Hall (1981)). If
the decision is to continue sampling, we
combine the pilot sample with N,-m addi-
tional observations to bring the final (third
stage) sample size to

N = maz{Ny,[a (;‘\,l/d]—f—l}. (15)

If necessary, we observe N-N,; further
observations and terminate the sampling
process. Once N is determined, we compute
Xn()) as the point estimate for p.

Accordingly, we construct the fixed width
confidence interval,

IN = (XN(I) — (l7 )(N(l)): for 1.

The large sample features of the triple
sample size N are given in the following
Theorem) .

Theorem 1. For the triple sampling proce-
dure (14,15) and optimal fixed n"in (12).
as d — 0 we have

(VEN)=n* —~v '+ 0.5+ 0o(1)
(ii)Var(N) = v 'n* + o(d™ ")
(231 E|N— n'|* = o(d?)

(iv) E(h(N)) = h(n”)

+(27) H(y=2)R'(n*) + n"h"(n*)}
+o(d 2 [h"(n")]),
where s( >0) is any real valued, continu-
ously differentiable function in a neighbor-
hood of n* such that
suplh”’(n)| = O(|h'"(n*)|) n>m, and prime
mean derivatives.

The proof of Theorem 1 is given in Hamdy
et al (1988), Hamdy et a/(1996) and Hamdy
(1997) and therefore we omit details for
brevity.

(viii) We now apply Theorem 1 to
evaluate the expected relative information,
E(RIy) = PIE(SIS'), that measures the
estimation efficiency of the triple sampling
information compared to the perfect infor-
mation (the expectation is used since N is a
random variable). Again conditioning on N
and applying Part (iv) of the theorem to

evaluate E(N™1) provides

E(SI}') = E(Xnq) — 1)°

=1 0®) {1+ (4 =7)/(2y ")} + o(d?).
Hence the expected relative information of

triple sampling is given by

E(RIN)={1+(4—-7)/2vyn"}}+o(d), (16)
from which we see that E{RIy) > 1. This

means that the triple sampling information is
less efficient than the perfect information for
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small n": however, as n’ gets large the triple
sampling information will be as efficient as the
perfect information. It is also clear from Part
(i) of Theorem 1 that the expected sampling
cost of the triple sampling technique is less
than the optimal sampling cost. In view of
(10), the relevant expected cost of missed
opportunity is now defined as

Ranss = e{n*(E(RIy) — 1) + (E(N) — n*).
Hence (16) and Part (i) of Theorem 1
provid'e Rypss = ¢y !+ o(1). Thus when ~
= 0.5, the corresponding expected cost of
missed opportunity is equivalent to the cost of

sampling 2 more observations.

The following Theorem 2 extends the
results in Theorem | to obtain the coverage

probability of /.

Theorem 2. For the triple sampling proce-
dure (14,15) and optimal fixed n"in (12), as
d—o the coverage probability of Iy is given by
Ppely)y)=1l-a—-dao'({(a—0c+2)

(29) 1) + o(d).
The proof of Theorem 2 is direct applica-

tion of part (iv) of Theorem 1, since

1

Pluely)=1- E(e N )
We have seen that a fixed width confidence
interval represents our basic founrdation upon
which we perform inference. Thus, develop-
ing such an interval requires as much care as
procedures to ensure that a credible inference
will be obtained. In the following section, we
discuss the ability of I to signify shifts in the
true location parameter of the negative ex-
ponential distribution. .
Sensitivity of /, to Shifts in 4
Confidence intervals, in general, provide
satisfactory information regarding the relia-
bility of inference, see Nelson (1990, 1994) for

details. It is also evident that a Confidence
interval shows by its length the precision of
estimation, as well as which parameter values
would not be rejected if they were hypothe-
sized as (point) null values. Therefore, careful
consideration concerning the ability of the
interval to detect shifts in the true parameter
should also be addressed to guarantee the
reliability of the inference.

To clarify this point, assume that the true
parameter value is ug. If the parameter value
has shifted to u; (say), assessment of the
amount of risk associated with the departure
from p provides an indication concerning the
ability of Iy to detect such departure. To
elaborate further, we consider the following
two hypothesses. The null hypothesis HO: y
= pg, which affirms that no departure from
the true parameter has occurred, against the
alternative hypothesis, Hy: p = 1) = pq - kd,
which asserts that the parameter value de-
parted away from p by a distance k measured
in units of d. The probability (3 -risk) of not
detecting such a shift in the true parameter
when, in fact, a shift has actually occurred is
given by 3 = P (ug € Ix|H)). The following
Theorem 3 provides an asymptotic second
order approximation of /.

Theorem 3. For the triple sampling pro-
cedure (14,15) and optimal fixed »#” in (12),
and as d — 0 the 3 -risk associated with [ is
given by

o — oMty 2y !
ackQ(k,a,c,y) + o(d) if k> 0.

Ak) = L— o — (2yn)™!
ac’ Hk+ 1) (ak+a—~v+2)
+o(d) 1if—=1<k<0
Where

Qk,a,a,v) = a(l — a)k?
+(ay — 20 — 200 + 2)k
—a2—-v+a). °
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Proof of Theorem 3. First, we write

8= Ee—Ndke™ _ Ee—Nd(k-#—l)o’l

Next, we apply part (iv) of Theorem 1, for
k>0 and - 1 <k <0, then the statement of
Theorem 3 is immdiate. It follows from
Theorem 3 that fork = 0

B0)=1-a~dao ((a -~ v+2)(27) ") + o(d)
which is actually the statement of Theorem 1.

Computation based on Theorem 3 were
performed to provide a feel for the risk
associated with the triple sampling confi-
dence interval Iy. We set v to 0.5 and
(1 — ) was set at 0.95. We took the optimal
sample size n* to be 5, 10, 15, 20, 25, 30, 100,
and 500. The departure factor varied over the
range -1 <k <2.5. We present our findings in
Table(I) for some selected values of k.

Table 1
B — risk
vy=0.5, a=0.01
K N'=5 N'=10 N'=15 N'=20 N'=30 N'=100 N'=500
-0.99 0.031 0.038 0.04 0.042 0.043 0.044 0.045
-0.8 0.424 0.513 0.543 0.558 0.572 0.593 0.6
-0.7 0.549 0.649 0.682 0.699 0.715 0.739 0.747
-0.6 0.646 0.744 0.776 0.793 0.809 0.832 0.84
-0.5 0.725 0.812 0.842 0.856 0.871 0.891 0.898
-0.4 0.788 0.863 0.887 0.9 0.912 0.929 0.935
-0.3 0.839 0.9 0.92 0.93 0.94 0.954 0.959
-0.2 0.879 0.927 0.943 0.951 0.959 0.97 0.974
-0.1 0.91 0.947 0.959 0.966 0.971 0.98 0.983
0 0.934 0.962 0.971 0.976 0.981 0.987 0.989
0.2 0.541 0.467 0.443 0.431 0.419 0.401 0.396
04 0.336 0.246 0.217 0.202 0.187 0.166 0.159
0.6 0.203 0.133 0.109 0.098 0.086 0.069 0.064
0.8 0.117 0.071 0.055 0.048 0.04 0.029 0.026
I 0.064 0.037 0.028 0.023 0.019 0.013 0.01
1.2 0.034 0.019 0.014 0.011 0.009 0.005 0.004
1.4 0.017 0.009 0.007 0.006 0.004 0.002 0.002
1.6 0.009 0.005 0.003 0.003 0.002 0.001 0.001
2 0.002 0.001 0.001 0.001 0 0 0
2.3 0.001 0 0 0 0 0 0

Table I discloses several points regarding
the performance of the triple sampling fixed
width confidence interval. We notice that 3
increases as »  increases over the range -
1 <k:<0. It is also clear that ( increases
rapidly when n" is small (<30) and slows
down for larger values of n". For specific

choice of n” and for -1 <k<0, we observed
that 3 increases as k increases to attain its
maximum value (1 - @) when k=0. On the
contrary, for 0<k<2.5, 8 decreases as k
increases and approaches 0 as k approaches
(2.5). The above discussion indicates that Iy is

unable to detect shifts in the true parameter in
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general and is very insensitive to left shifts in
particular. Therefore, careful consideration
to the insensitivity of the interval should also
be considered when making inference about .

‘PDicussion

In summary, we have shown that a fixed
width confidence interval based on a triple
sampling scheme can serve as a credible
building block for point estimation about the

-exponential location paramter. The perfect
information obtained from the specifiable
fixed width confidence interval requirements
that can be incorporated into the loss function
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